Supplementary material: Margin based PU Learning

We give the complete proofs of Theorem 1 and 2 in Section 4. We first introduce the well-known concentration inequality,
so the covariance estimator can be bounded. Then we analyze the convergence of PMPU.

Matrix Concentration Inequalities

Lemma 1. (Matrix Bernstein’s inequality) Consider a finite sequence {S;} of independent random matrices of dimension
dy X do. Assume that each matrix has uniformly bounded deviation from its mean:

|S; —ES;|| < L foreach index i.
Introduce the random matrix Z =), S;, and let v(Z) be the matrix variance of Z where
v(Z) = max{|E(Z—EZ)(Z-E2)")|,|E(Z —E2)T(Z—EZ)|}
max{[ Y "E(S; — BS:)(S; —ES) DI, I Y E(S: —ESi) " (S; — ES)||}-

Then

1
E|Z —EZ|| < \/2v(Z)log(dy + d2) + 3 Llog(dr + da).
Furthermore, for all t > 0,

P{|Z —EZ| >t} < (dy +d2)eXp{_u(Z)tJith/:’>}'

With matrix Bernstein’s inequality, it is standard to get the concentration of covariance estimation:

Proposition 1. Suppose {x;}., € RY are independent and identical distributed (i.i.d.) sub-gaussian random vectors and
X = [x1,Xa, -+ ,Xn|, then with probability at least 1 — 6,

1
HNXXT — Iz <e

provided N > Csdlog(2d) /€.

Lemma 2. Let X = [x,Xa, - ,xn]| € RN, Suppose each x;’s are independently sampled from the truncated Gaussian
distribution with positive margin 7, then for w € R® with ||w||a = 1, we have

Esign((x,w))x = A\, w,
-2
where \, = \/g—k 76)(1)(_27)_1.

Proof. 1t is well known that when x; is the standard Gaussian random variable, A = \/% . In our setting, the 1st dimension of
x is a truncated Gaussian, hence

O

Lemma3. Let g = [g1,92, - ,9d] ' g1 be a truncated Gaussian random variable, and the remaining d — 1 dimensions are
i.i.d. from standard Gaussian distribution. For two different vectors w,w' € R%, if arccos({w,w’)) < Z, we have

1 -2 1
e sien( (2. w) — sin(lgw )Pl < Cod |5+ F (=4 5) | Iw = wil

1 2 T 1
214 o I\ (2 < - -5 (_ - —wls.
Bl sizn((e. wh) ~ sien(lgw )Pl < Cad |+ (=4 5) | Iw = wil



Proof. Define o = arccos({w, w’)) and w|[2 = 1, ||[w’||2 = 1. We will prove the two inequalities under the condition o < 7.
(a) Since

|IEgg " [sign((g, w)) — sign((g, w'))|? 2

g3 9g> - 919a
9291 95 Tt 9294 . .
S . | Isign({g, w)) — sign((g, w"))]?||
9dag91 9dg92 - 9d9d

2

we need to estimate each E(g;g;[sign((g, w)) — sign({g, w’))|?). Observe that only when g; > 0 A g3 cos &+ ga sina < 0 or
i ign((g, w)) — sign((g, w'))|? = 4. Otherwise it is 0. Hence, the domain of the expectation

is
Q=1{(g91,92) : 91 >0Agicosa+gasina <0} U{gs <0Agjcosa+ gysina > 0}
with all other Gaussian variables g3, - - - , g4 € (—00, 00).

Fori=j=1(,j € [d]),

72 erf] i2
E(g3sign((g, w)) — sign((g. w'))[*) = 1 + #p (-%)- (2f)'

Fori =75 =2,

E(g3|sign((g, w)) — sign((g, w'))|*)

=4/ g§¢(91)¢(92)d91d92/ 6(g3) - - d(ga)dgs - - dga
(91,92)€EQ g3, 19d

=4 / 930(91)8(g92)dg1dgs
(91,92)€92

/24
=8 / / sin?(0)e"" r3drdf (by polar transformation)
=c¢1(2a + sina)
since a < 5, we have
c1(2a 4+ sina) < 3¢ .

For¢ = 5 > 3, we have
E(g?[sign((g, w)) — sign((g, w"))[?) =
Fori=1,j=3,--- ,dorj=1,1=3,---,d, we get

E(gig;|sign((g, w)) — sign((g, w"))|*)
= 4]E911E92/ #(g3) -+ - d(ga)dgs - - - dga

93, ,9d

4. i(\/z+exp(—T2/2—1))
§+ 4exp(—72/2) —

m V2r

For all the other cases that i # j, we can see that

E(gig;lsign((g, w)) — sign((g, w'))[*) = 0.



Therefore,

IEgg " [sign((g, w)) — sign((g, w'))|*|l2
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in which the first inequality holds because || All2 < /|| A1 - [|4]|co-
(b): The proof is similar to that of (a). We have

IE|lgll3Isign((g, w)) — sign((g, w'))[* 2
= nglsign(@, w)) — sign((g, w')) |

447 1 ,
Yiw = w'll,

<C1dexp( 5 )(

1 72 T 4o
< = ——)—= 3 d—2
72+exp( 2)(\/%-1-2)—1- cra+ ( )—
—72 /44 T
< Cadexp (—-) ) -
= Caaexp ( 2 ) \/27 || w H2
O
Proof of Theorem 1

Proof. According to the rotation invariance of the Euclidean space, there exists a rotation matrix * such that Q*w* =
[1,0,---,0]. Without loss of generality, we assume that w* = [1,0, - - - ,0] € R%. For simplicity, we will discard the superscript
tin X but the reader should aware that the feature matrix X is always re-sampled in each iteration. Let x = [z, X] where
1 denotes the 1st dimension of x and X, denotes the remaining d — 1 dimension. Similarly, we denote w(®) = [wgo), Wéo)].

Denote by Ay(") = y(1) — 5(1) the initial error. Since at the ¢-th iteration,
1

W) — W=D _ XAyt
)\Tmt
1
_ (=1 _ X (D) _ oD
w Rt ¥y,
we have
wlt) —wr = (Wl —w*) - X (sign(X Tw ) — sign(X Tw*)) +sign(X Tw*) — S, (X Twt))
T
= (wi) —w*) — X (sign(X Tw D) —sign(X Tw*)) + XA,
M 1Mt

where A; = sign(X Tw*) — S, (X Tw(t=1),
To bound the first two terms, using Lemma 2 and Lemma 3, we have with probability at least 1 — 9,

W = w") = S X (sign(X Twl~) — sign(X Tw))

1
/\Tmt
* 1/2)

<emax([[w™ —w¥lz, WD —w



provided m; > O(dlog dexp(—7%/2)/€).
As we assume my is sufficiently large, it is easy to satisfy that |w(~1 — w*|| < 1. Then

() = w*) = o X (sign(X T D) — sign(XTw"))

1
)\Tmt
<e.
Next let us first consider Aj. It’s clear that with probability at least 1 — 4,

1 dlog(d
1L XAy < Oy PBD 4 Esign(xTw®) - S, (e Tw )
my my

The estimation of A includes two cases, i.e. Ey and E_ where E, is the error on {x'w < 79 A z > 7} and E_ is the error
on {x"w >y A 2 < 0}, where z = x ' w*. Denote the cumulative distribution function of standard Gaussian distribution by

1 ? ¢
(P(Z) = E/ e_;dt .
—0o0

‘We obtain

E, = / P(xiwq +i2TW2 < Mo, T1 = a)da
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where erf(z) = % Iy e~*"dx denotes the error function and erfc(z) = 1 — erf(z) is the complementary error function. The
4-th equality holds because cumulative function

(9]

B(2) = % (1 + erf(\%))
Similarly, we have

0
FE_ = / P(mlwl +R2TW2 > MNo, T1 = 5>d/3
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Then,
|E[sign(x"w*) — Sy (z"w)]|o = EL + E_

g
_ Iwalle™ P g (Tt ()1,

4 V2][wa| V2|[wa|
@ s [ex (—72 + 2Twino — w%n%) vexp ( —wing )] (1)
-4 2[wo? 2[wol?

(b) _
< é1[exp(—cat?) + Opmy] HW(O) — w2

< crexp(—co7?) [ Wl — w2 .
(b) is a simplification of (a). The constant ¢ and ¢, actually depend on 7 and many other factors. However once we fixed the
parameters, they will be constants and do not control the order of our bound. d,,, is a small number if my is large because when

my is large w1 ~ 1 and wq ~ 0. As we always assume my is sufficiently large, d,,, < 0.1 due to the exponential decaying.
Similarly the upper bound of the error at the ¢-th step is

IE[sign(x"w*) — S (a"Tw)] |2 < erexp(—e27?) [w ) —w|

Combine everything above, we have with probability at least 1 — 4,

dlog(d
||W(t) — w2 <e+Cs 775( ) +c eXp(—CQTQ)HW(t_l) — w2 . 2)
t

As m; is sampled on unlabeled dataset, it can be as large as we want. Therefore the above inequality can be simplified when
my is sufficiently large, that is, |[w®) — w* ||y < 1 exp(—com?)||[w—D — w*||5
O

Proof of Theorem 2

Proof. Let

B = %[xisign«xi,w» — xsign({xi, W),

then by Lemma 2, we have

EB, =w—w'.
Further, we set

Z; = B; — EB;,

where
m

> B = %[Xsign((X, w)) — Xsign((X,w’))]

i=1 T
In order to utilize matrix Bernstein inequality, we need to bound the terms max; || Z; |2, |[EZ;" Z;|| and |[EZ; Z," |2 respectively.
For the first term, we have

max | Z;]2
=max || B; — EB;||
K3
<max(||Bilz + [|EB;||2)

1 . .
< max — xsign((xi, w)) = xisign((xi, W) |z + [w = ||
-

2/d
<5

<= Flw =W

When w — w’ is sufficient small, then
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For the second term, we get
IEZ; Zi|2
=||E(B; — EB;) " (B; — EB)||2
=|EB;'B; — B; -EB; —EB; - B; + EB/ EB;||
<|EB{ Bi|lz + |EB EB;|».

Since
IEB/ EBil2 = [lw — w'[|3,
and

IEB, Bi2

1 . .
=z [Exix] [sign((x;, w)) — sign((xi, w')) |2

Cod
SvHW — w2
Thus, we have o
od
IEZ] Zilla < S5 Iw — W'l + o — w3

2
Note that if |w — w'||2 < 1, then |w — w'||2 > [|w — w’
above inequality can be rewritten as

2,and |[w — w'||2 > 1, then ||w — w'||2 < ||w — w’||3. Hence, the

Cad
IEZ] Zilla < S5 max{lw — w2, [w — w'[13}

For the third term, we have
IEZiZ; |2
=||E(B; — EB;)(B; —EB;) " ||
<|EB;B/ ||z + |EB;EB; ||2.

Since
IEBEB] |2 = [[w — w'[|3,
and

IEB;B] |2
1 . .
:ﬁllEllxiH%ISlgnKXu’W>) — sign({x;, ') |12

§T21||W_W/H27 (by Lemma 3)
Then, we derive
C
||EZiZiT||2 < )\721||W — W’H2 + HW _ W/||§7

which can be rewritten as

C
IEZ Zi|)2 < 721 max{[w — w’[|z, [w — w’[|3}.
T
Now we can apply matrix Bernstein inequality to obtain the final result. [



