
A PROOF OF THEOREM 3

Define S′t+1 = St+1 \ S∗. In order to prove Theorem 3, it is equivalent to show that there are no more than s entries in
[x̂t+1]S′t+1

with the magnitude larger than τt. To this end we define V1 = St ∪ S∗, V2 = V1 \ S∗. For any subset S′ ⊆ Sc∗
whose size is small or equal than s, define S′1 = S′ ∩ V2, S′2 = S′ \ V2. Based on the assumption given in the theorem, we
have |V1| ≤ 2s, |V2| ≤ s, and |S′2| ≤ s.

We have

[x̂t+1]S′ = [xt]S′ −
1

n

(
A>S′Axt −A>S′y

)
= [xt]S′ −

1

n
A>S′A(xt − x∗) +

1

n
A>S′z

= [xt]S′ −
1

n
A>S′AS∗ [xt − x∗]S∗ −

1

n
AS′AV2

[xt]V2
+

1

n
A>z

Hence, we have

‖[x̂t+1]S′‖2 ≤
1

n

∥∥A>S′AS∗ [xt − x∗]S∗
∥∥
2︸ ︷︷ ︸

:=E1

+

∥∥∥∥(I − 1

n
A>V2

AV2

)
[xt]V2

∥∥∥∥
2︸ ︷︷ ︸

:=E2

+
1

n

∥∥AS′2AV2
[xt]V2

∥∥
2︸ ︷︷ ︸

:=E3

+
1

n
‖A>S′z‖2︸ ︷︷ ︸
:=E4

Below, we will bound E1, E2, E3, and E4, separately. To bound E1, we use the fact S′ ∩ S∗ = ∅, |S∗| ≤ s, and |S′| ≤ s,
and have

E1 = max
‖u‖2≤1

1

n
u>S′A

>
S′AS∗ [xt − x∗]S∗ ≤ max

‖u‖2≤1

1

n
u>S′A

>
S′AS∗ [xt − x∗]S∗ ≤ δ‖[xt − x∗]S∗‖2

The last inequlaity comes from R.I.P. condition. To bound E2, we use the fact |V2| ≤ s and have

E2 ≤ δ‖[xt]V2
‖2

To bound E3, we use the fact |S′2| ≤ s and |V2| ≤ s, and have

E3 ≤ δ‖[xt]V2
‖2

To bound E4, we use the fact ‖A>z‖∞ ≤ 2σ
√
n log d and therefore

E4 ≤ 2σ

√
s log d

n

Combining the bounds for E1, E2, E3, and E4, we have, for any S′ ⊂ Sc∗ with |S′| ≤ s,

‖[x̂t+1]S′‖2 ≤ 2δ‖[x∗ − xt]V2‖2 + δ‖[x∗ − xt]S∗‖2 + 2σ

√
s log d

n
≤ 3δ‖[x∗ − xt]‖2 + 2σ

√
s log d

n

which leads to the fact that no more than s entries in [x̂t+1]S′t+1
is larger than

3δ√
s
‖x∗ − xt‖2 + 2σ

√
log d

n

B PROOF OF THEOREM 4

First, according to Theorem 3, we have xt+1 is 2s sparse with |St+1 \ S∗| ≤ s.

Since

xt+1 = arg min
x

1

2
‖x− x̂t+1‖22 + Ωt(x),



we have

0 ≥ 1

2
‖xt+1 − x̂t+1‖22 + Ωt(xt+1)− 1

2
‖x∗ − x̂t+1‖22 − Ωt(x∗)

=
1

2
‖xt+1 − x∗‖22 + (xt+1 − x∗)

>(x∗ − x̂t+1) + Ωt(xt+1)− Ωt(x∗)

=
1

2
‖xt+1 − x∗‖22 − (xt+1 − x∗)

>(xt − x∗) +
1

n
(xt+1 − x∗)

>A>(Axt − y) + Ωt(xt+1)− Ωt(x∗)

=
1

2
‖xt+1 − x∗‖22 − (xt+1 − x∗)

>(xt − x∗) +
1

n
(xt+1 − x∗)

>A>A(xt − x∗)

+
1

n
(xt+1 − x∗)

>A>z + Ωt(xt+1)− Ωt(x∗)

(14)

Using the fact that Ωt(x) is concave in |x|, we have

Ωt(xt+1) ≤ Ω(x∗) + τt

d∑
i=1

(|xt|i − |x∗|i) ≤ Ω(x∗) + τt|xt − xi|1

Using the fact ∥∥∥∥ 1

n
A>z

∥∥∥∥
∞
≤ 2σ

√
log d

n
,

from inequality (14), we have

1

2
‖xt+1 − x∗‖2 ≤ (xt+1 − x∗)

>(xt − x∗)−
1

n
(xt+1 − x∗)

>A>A(xt − x∗) +

(
2σ

√
log d

n
+ τt

)
|xt+1 − x∗|1 . (15)

For the first two terms on the right hand side of Eq. (15), we have,

(xt+1 − x∗)
>(xt − x∗)−

1

n
(xt+1 − x∗)

>A>A(xt − x∗)

≤ δ

2
‖xt+1 − x∗‖22 +

δ

2
‖xt − x∗‖22 +

δ

2
‖xt+1 − xt‖22 ≤ δ

(
‖xt+1 − x∗‖22 + ‖xt − x∗‖22

)
.

Substitute back into Eq. (15),

(1− 2δ)‖xt+1 − x∗‖22 ≤ 2δ‖xt − x∗‖22 +

(
2σ

√
log d

n
+ τt

)
|xt+1 − x∗|1

≤ 2δ∆2
t +
√
s

(
2σ

√
log d

n
+ τt

)
‖xt+1 − x∗‖2.

Recall that
x2 ≤ ax+ b⇒ x ≤ max(2a,

√
2b) ,

using ‖xt − x∗‖2 ≤ ∆t, the above quadratic inequality gives us

‖xt+1 − x∗‖2 ≤ 4σ

√
s log d

n
+ max

(
2

√
δ

1− 2δ
, 3δ

)
∆t

C PROOF OF THEOREM 2

According to Theorem 4, with t ≥ T0, we have

‖xt − x∗‖2 ≤
5σ

1− q

√
s log d

n
(16)

2σ

√
log d

n
≤ τt ≤ 3σ

√
log d

n
(17)



We first show the selection consistency for t > t0. Following the analysis of Theorem 4, we have

(1− 2δ)‖xt+1 − x∗‖22 ≤ 2δ‖xt − x∗‖22 + 2σ

√
log d

n
‖xt+1 − x∗‖2 + Ω(x∗)− Ω(xt+1)

[1]

≤ 2δ‖xt − x∗‖22 +
2σ2

1− δ
log d

n
+

1− δ
2
‖xt+1 − x∗‖22 + Ω(x∗)− Ω(xt+1) .

Inequality [1] is because ab ≤ 1
2(1−δ)a

2 + 1−δ
2 b2. Since

λmin(x∗) ≥
4σ

1− δ

√
2 log d

n
≥ τt

we have

Ω(x∗) =
τ2t
2
|S∗|

Based on the updating equation for xt+1, we have Ωt(xt+1) =
τ2
t

2 |St+1|. We thus have

1− 3δ

2
‖xt+1 − x∗‖22 ≤ 2δ‖xt − x∗‖22 +

2σ2 log d

(1− δ)n
+
τ2t
2

(|S∗| − |St+1|)

Define A = |St+1 \ S∗| and B = |S∗ \ St+1|. We have

1− 3δ

2

(
τ2t A+ λ2min(x∗)B

)
≤ 50δs log dσ2

(1− q)2n
+

2σ2 log d

(1− δ)n
+
τ2t
2

(B −A) .

The first term on the right hand side is based on Eq. (16).

From Eq.(17) and the assumption of lower bound of λmin(x∗), it is easy to check that

1− 3δ

2
λ2min(x∗) ≥ τ2t .

We have

A+B ≤ 1

2

(
50δs

(1− q)2
+

1

1− δ

)
< 1 .

Since both A and B are integers, we have A = B = 0, which implies St+1 = S∗

We then proceed to show ‖xt − xo‖2 will converge to zero geometrically. Following the analysis of Theorem 4, we have

0 ≥ 1

2
‖xt+1 − xo‖22 − (xt+1 − xo)

>(xt − xo) +
1

n
(xt+1 − xo)

>A>(Axt − y) + Ωt(xt+1)− Ωt(xo)

Since for any i ∈ S∗,
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σ

1− δ

√
log d

n
≥ 3σ

√
log d

n
≥ τt

we have Ωt(xo) = τ2t |S∗|/2 = τ2t /2|St+1| = Ωt(xt+1), and therefore

0 ≥ 1

2
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1

n
(xt+1 − xo)
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Using the fact St+1 = S∗, we have

1
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Using the fact AS∗xo − y is orthogonal to the subspace spanned by the column vectors in AS∗ , we have

1

n
(xt+1 − xo)

>A>(Axt − y) =
1

n
(xt+1 − xo)

>A>A(xt − xo)

Hence, we have

0 ≥ 1
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2
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which proves the theorem.

D MORE EXPERIMENTS
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Figure 3: `2–Norm Recovery Error For All Datasets, σ = 0
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Figure 4: `2–Norm Recovery Error For All Datasets, σ = 0.01
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Figure 5: `2–Norm Recovery Error For All Datasets, σ = 0.1


